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Abstract

This document discusses barycentric coordinates and explains how
they can be used to smoothly color a triangle when its vertices have dif-
ferent colors. The images which appear in this document are taken from
[SP1]

1 Barycentric Coordinates

1.1 Calculus Review

Figure 1: Barycentric Coordinates
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The area of a 2D triangle whose vertices are a = (xa, ya) , b = (xb, yb) , c =
(xc, yc) (as shown in figure 1) is given by

Area =
1

2

∣∣∣∣ xb − xa xc − xa

yb − ya yc − ya

∣∣∣∣ (1)

Note that this area is a "signed" area. In other words, it has a sign. To obtain
the area the way we are used to define it, we take the absolute value. It is easy
to implement this computation using our vect3D class. If we convert the 2D

points in 3D points by adding 0 for their z-coordinate, then

∣∣∣∣ xb − xa xc − xa

yb − ya yc − ya

∣∣∣∣
will be the z-coordinate of (b− a)× (c− a).

If the vertices live in 3D space, the area of the corresponding triangle is

Area =
1

2
‖(b− a)× (c− a)‖ (2)

This always gives a positive answer.

1.2 Barycentric Coordinates in 2D

Consider a 2D triangle whose vertices are a = (xa, ya) , b = (xb, yb) , c = (xc, yc)
(as shown in figure 1) and a point p. Barycentric coordinates allow us to express
the coordinates of p = (x, y) in terms of a, b, c. More specifically, the barycentric
coordinates of p are the numbers β and γ such that

p = a+ β (b− a) + γ (c− a) (3)

If we regroup a, b and c, we obtain

p = a+ βb− βa+ γc− γa

= (1− β − γ)a+ βb+ γc

Figure 1 shows the meaning of the numbers β and γ.
At this point, it is customary to define a third variable, α, by

α = 1− β − γ

We then have
p = αa+ βb+ γc

Definition 1 (Barycentric Coordinates) The barycentric coordinates of the

point p in terms of the points a, b, c are the numbers α, β, γ such that

p = αa+ βb+ γc (4)

with the constraint

α+ β + γ = 1 (5)
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We first look at some of the properties of the barycentric coordinates.
Barycentric coordinate are defined for all points in the plane. They have

several nice features:

1. A point p is inside the triangle defined by a, b, c if and only if

0 < α < 1

0 < β < 1

0 < γ < 1

This is very important. It provides an easy way to test if a point is inside
a triangle.

2. If one of the barycentric coordinates is 0 and the other two are between 0
and 1, the corresponding point p is on one of the edges of the triangle.

3. If two of the barycentric coordinates are zero and the third is 1, the point
p is at one of the vertices of the triangle.

4. By changing the values of α, β, γ between 0 and 1, the point p will move
smoothly inside the triangle. This can (and will) be applied to other
properties of the vertices such as color.

5. The center of the triangle is obtained when α = β = γ = 1

3
. If the triangle

is made of a certain substance which is evenly distributed throughout the
triangle, then these values of α, β, γ would give us the center of gravity.

1.2.1 Finding α, β, γ

Let us first notice that because of equation 5, it is enough to find two of the
three barycentric coordinates.

One way of finding α, β, γ is to write equation 3 in terms of the coordinates
of the various points involved. This gives us the following system

{
x = xa + β (xb − xa) + γ (xc − xa)
y = ya + β (yb − ya) + γ (yc − ya)

(6)

which can be solved using your favorite method.
We can also use geometry to find α, β, γ. Let Aa, Ab and Ac be as in figure

2 and let A denote the area of the triangle. Also note that the point inside the
triangle on figure 2 is the point we called p. Consider the triangles in figure 3.
These are different triangles drawn for a fixed value of β. They have the same
area since they have the same base and height. This area was denoted Ab on
figure 2. Thus, we see that Ab only depends on β. Therefore, we have

Ab = Cβ (7)
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Figure 2: Barycentric Coordinates as a Ratio of Areas

Figure 3: Ab Only Depends on β
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for some constant C. When p is on b that is when β = 1, we have Ab = A.
Equation 7 gives us A = C. Therefore we see that

β =
Ab

A

Similarly, we have

γ =
Ac

A

α =
Aa

A

These various areas can then be computed using formula 1. More specifically,

β =

∣∣∣∣ xa − xc x− xc

ya − yc y − yc

∣∣∣∣∣∣∣∣ xb − xa xc − xa

yb − ya yc − ya

∣∣∣∣

γ =

∣∣∣∣ xb − xa x− xa

ya − ya y − ya

∣∣∣∣∣∣∣∣ xb − xa xc − xa

yb − ya yc − ya

∣∣∣∣
α = 1− β − γ

1.3 Application of Barycentric Coordinates to Coloring

Triangles

Let us assume that we are using the RGB model. That is all colors can be
obtained by mixing R (red), G (green) and B (blue). Usually, with such a
model, the level of each color channel is a number between 0 and 255. To
specify the color at any point, we must specify a triplet (R,G,B) where R, G,
and B are integers between 0 and 255. They indicate how much of red, green
and blue is used in the color.

When using Java, there is a built-in class to handle colors. It is called Color.
This class has some built-in predefined colors. Here are some examples:

Color.black, Color.blue, Color.cyan, Color.gray, Color.green, Color.magenta,
Color.orange, Color.pink, Color.red, Color,white, Color.yellow. To get any other
color, one uses a statement such as new Color(R,G,B) where R,G,B are
integers between 0 and 255.

It is also possible to use a single integer to represent colors. Keeping in mind
that an integer has 32 bits, bits 0 − 7 contain the R level, bits 8 − 15 contain
the G level and bits 16−23 contain the B level. The remaining bits are unused
and set to 0.

Let us see now how barycentric coordinates can be used to smoothly color a
triangle, given the color of its vertices. Using the notation above, let us assume
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that Ca is the color of a, Cb is the color of b and Cc is the color of c. Each
color is in fact a triplet. We will use the notation Ca = (Ra, Ga, Bc) and similar
notation for the remaining points. We would like to color the triangle so that
there is a smooth coloring throughout the triangle. We use the fact that by
changing the values of α, β, γ between 0 and 1, the point p = αa+ βb+ γc will
move smoothly inside the triangle. In other words, small changes in α, β, γ will
result in small changes in the location of p. We apply this to colors. We let

C = αCa + βCb + γCc (8)

(we really do this for every color channel). Small changes in α, β, γ will result
in small changes in the color. Therefore, the color will change smoothly as we
move within the triangle. To color smoothly a triangle given the color of its
vertices, we can use the following algorithm:

1. For each point P = (x, y) inside the triangle, find α, β, γ

2. Use α, β, γ to interpolate the color of the point from the color of the
vertices using relation 8.

3. Plot the point with coordinates (x, y) and color computed above.

There is an applet on the web site for the class to illustrate this. It allows the
user to draw a rectangle and specify the color of the vertices. Clicking inside the
triangle will result in the coordinates (Cartesian and barycentric) of the point
where the user clicked to be displayed. If Coloring of the triangle is checked,
the RGB color of the point will also be displayed.

1.4 Barycentric Coordinates in 3D

We use the same notation as in the 2D case. The only difference is that now
points have three coordinates. So, we have a = (xa, ya, za), b = (xb, yb, zb) and
c = (xc, yc, zc). Barycentric coordinates extend naturally to 3D triangles and
they have the same properties. In other words, we have:

Definition 2 (Barycentric Coordinates) The barycentric coordinates of the

point p in terms of the points a, b, c are the numbers α, β, γ such that

p = αa+ βb+ γc (9)

with the constraint

α+ β + γ = 1 (10)

Barycentric coordinate are defined for all points in the plane. They have
several nice features:
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1. A point p is inside the triangle defined by a, b, c if and only if

0 < α < 1

0 < β < 1

0 < γ < 1

This is very important. It provides an easy way to test if a point is inside
a triangle.

2. If one of the barycentric coordinates is 0 and the other two are between 0
and 1, the corresponding point p is on one of the edges of the triangle.

3. If two of the barycentric coordinates are zero and the third is 1, the point
p is at one of the vertices of the triangle.

4. By changing the values of α, β, γ between 0 and 1, the point p will move
smoothly inside the triangle. This can (and will) be applied to other
properties of the vertices such as color.

5. The center of the triangle is obtained when α = β = γ = 1

3
. If the triangle

is made of a certain substance which is evenly distributed throughout the
triangle, then these values of α, β, γ would give us the center of gravity.

What differs from the 2D case is how they are computed. α is still related
to the ratio Aa

A
. There is a similar relation for β and γ. However, in the 2D

case, the formula we used for the area gave us a "signed" area. It depended on
the orientation of the orientation of the triangle. The formula for the 3D area
of a triangle, as noticed above, is always positive. To also make it a sign area,
we also need to take a dot product. More specifically, we define the following
quantities:

• n is the normal to the triangle T with vertices (a, b, c) in counterclockwise
order. In other words, n = (b− a)× (c− a).

• na is the normal to Ta, the triangle with area Aa as shown in figure 2.
Ta = (b, c, p) in counterclockwise order. Thus, na = (c− b)× (p− b).

• nb is the normal to Tb, the triangle with area Ab as shown in figure 2.
Tb = (c, a, p) in counterclockwise order. Thus, nb = (a− c)× (p− c).

• nc is the normal to Tc, the triangle with area Ac as shown in figure 2.
Tc = (a, b, p) in counterclockwise order. Thus, nc = (b− a)× (p− a).

The quantity n.na

‖n‖‖na‖
= 1 if p is inside T , −1 otherwise. The same is true for

n.nb

‖n‖‖nb‖
and n.nc

‖n‖‖nc‖
. Multiplying Aa

A
by n.na

‖n‖‖na‖
will then give us a signed area,

depending on whether p is inside T or outside. Since Aa = ‖na‖ and A = ‖n‖,
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we have:

Aa

A

n.na

‖n‖ ‖na‖
=

‖na‖

‖n‖

n.na

‖n‖ ‖na‖

=
n.na

‖n‖2

We obtain similar formulas for the other ratios. Thus, in the case of a 3D
triangle, we can define the barycentric coordinates by:

α =
n.na

‖n‖
2

(11)

β =
n.nb

‖n‖2

γ =
n.nc

‖n‖2

2 Assignment

1. Solve the system in equation 6 and find α, β, γ.

2. Verify that the second method shown in the text gives us the same answer.

3. Prove that if R, G, and B are integers between 0 and 255, then αR +
βG+ γB is also between 0 and 255. This is important. It means we can
mix RGB colors using barycentric coordinates, the values we obtain are
still within the allowable range.

4. Explain how you would convert colors between the RGB format and the
single integer format.

3 Resources

This is a list of books and other resources I used to compile these notes.
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