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Abstract

This paper is concerned with planning the motion of mobile robots in formation, which means certain
geometrical constraints are imp osedon the relativ e positions and orientations of the robots throughout their
travel. Specically, a method of planning motion for formations of mobile robots with nonholonomic con-
straints is preserted. The kinematic equations developed allow a certain classof formations to be maintained
while the group as a whole exhibits motion. The work was validated using the Stanford Micro-Autonomous
Rovers Testbed.

1 Intro duction

Networks of mobile robots for planetary exploration [5] and terrestrial applications are currently under much
investigation. A key elemen in the cortrol of such networks is motion planning [18], wherein trajectories are
computed to avoid costly collisions. The ability to maintain a specic formation of robots is of particular
importance in spaceexploration where data may needto be collected simultaneously from a distributed array of
instruments (e.g., seismology meteorology three dimensional vision). The very nature of exploration dictates
that sudh arrays of instruments may often needto be relocatedin the work ervironment. This paper investigates
the kinematics of formations of mobile robots, that is, how a certain classof geometricalcon gurations of mobile
robots can be maintained during motion. Once such a geometrical con guration of the formation is de ned, the
equations of this paper allow the network of robots to be treated as a single large robot. Existing single-robot
motion planners, cortrollers or a tele-operator can be usedto specify the referencetra jectory of the group asa
whole. Given this referencetrajectory ead robot in the formation is able to compute its individual trajectory.
This may have particular relevance for tele-operation of such a network from Earth where communication
bandwidth is low and latenciesare high.

In this approad we explicitly plan the trajectories of every robot in the formation [6]. A cortroller is
implemented for ead robot to ensureit tracks its planned trajectory, in cortrast to maintaining some xed
distanceto aleader. This allows usto speci cally alter the formation's shape while turning [8] to accommalate
the nonholonomic constraint of the robots. This is accomplishedby setting up a curvilinear coordinate system
and ensuringthat the \distances" betweenrobots are enforcedin this curvilinear coordinate systemrather than
in the usual rectilinear coordinate system. The curvature of the curvilinear coordinate systemis precisely the
instantaneous curvature of the referencetrajectory. When a formation is turning, this method quite naturally
plans for robots on the \outside" to speedup and robots on the \inside" to slow down which is what one would
naturally expect.

An overview of our approadc is as follows. A referencetrajectory is provided by a supervisory ertity
(e.g., a motion planner or tele-operator). O sets from this referencetrajectory (in curvilinear coordinates)
are provided for ead robot. Basedon theseo sets and the referencetra jectory, ead robot computesits own
trajectory around which it closesa cortrol loop.

This paper is organized as follows. We rst review the literature and classify our approac using various
characteristics. We then discussstatic formations, those which we simply would like to maintain during motion.



This is followed by dynamic formations, thosewhich we would like to alter during motion. An examplesimulation
is provided, followed by experimental results from the MARS Testbed, discussion,and conclusions.

2 Review

There have been seweral approaces to maintaining formations of mobile robots including behaviour-based
methods [2], potential eld methods [3, 25], virtual structures [23], leader-follover [24, 15], and neural networks
[17]. This paper is most similar to the leader-follover work (e.g., [12]) in that we usea referencetra jectory and
de ne the motion of eadh individual robot relativeto this tra jectory. We do not advocate any particular feedbak
control method to enable eath robot to actually track its planned trajectory (there are many possibilities
including [21]). Michaud et al. [20] provide a detailed set of characteristics to classify robot formation work,
which we will adopt to place our motion planning approach in the cortext of other methods:

Perceptual Characteristics: We do not assumeone robot in the formation can sensethe locations of other
robots [11, 16, 20] but rather that ead robot can senseits own location relative to a common global reference
frame [4, 5]. In our experimental work this is accomplishedby meansof an overheadcamerapositioning system
[10, 9]. Howewer, our approach doesnot precludearobot sensingthe relativ e locations of other robots to improve
the estimate of its own global position. Sincewe are assumingead robot can determine its own global position,
inter-robot communication is not necessarybut the approac doesnot prohibit the use of communication in a
practical implemertation to improve position estimates. Communication is, however, necessaryto communicate
the planned motion of a referencetrajectory to ead of the robots. This can be thought of as a hierarchical
assumption about communication in that a supervisory entit y is able to communicate directly with ead of the
individual robots.

Formation Characteristics: Our approach is ableto support an arbitrary geometricalcon guration of robots.
As we will see,this shape will be slightly altered when the formation is turning. As the geometrical distances
betweenrobots vary slightly with time, our approac can be classi ed as exible rather than rigid. This has
implications on the candidate applications of our formations. For example, it may not be appropriate for
cooperative carrying situations where ead robot holds a corner of a large rigid object. As mentioned above,
our motion planning approac usesglobal positioning rather than relative positioning but we do plan the
individual robot trajectories relative to the trajectory of an arbitrary common referencepoint, which makes
our formations point-r eferenced rather than neightur-referenced [11, 20](where ead robot maintains position
relative to one or more neighbours). A further re nement on the classi cation scheme of Michaud et al. [20]
might be to distinguish betweenthe methods used for state estimation and state cortrol. Our approac uses
global positioning but the motion planning is relative to a common referencetra jectory.

Control Characteristics:  Our architecture is bestclassi ed ashierarchical rather than purely decernralized. A
referencetra jectory is planned which is communicated to ead of the individual robots who determine their own
individual trajectories. The approad is essetially a geometricone[23, 6, 7, 8]. An individual feedbad cortrol
loop is built for ead robot to ensureit follows its planned trajectory [15, 21]. The approad is homgyen@usin
that ead robot can usethe exact samealgorithm except for changesin parameters(e.g., di erent o sets from
a common referencepoint).

Our approach allows a static formation to be maintained while moving as described above. It also supports
a dynamic formation [14, 12, 19] which might include a change from one shape to another shape. This could
be useful if, for example, distributed data needsto be collected at di erent resolutions and thus the formation
must change scale. Or, the formation may needto be nominally very wide (to collect data) but must become
narrower to t betweentwo obstacles. A clear advantage of using motion planning for dynamic formations is
that maneuwers can be planned ahead of time to avoid costly collisions [10, 9]. This may also be useful for
tele-operation where the operator simply wants the formation to becomelarger but doesnot want to manually
program ead robot nor worry about collisions.

We addressthe feasibility [1, 22] of particular formations to a certain degree; by planning motion it is
possibleto know whether a particular formation can follow a particular trajectory without violating certain
physical constraints imposedby the robot's structure (e.g., actuator limits, nite robot size). We do not tackle
the issue of assenbling formations from random initial conditions [20]. Obstacle avoidance[14, 13, 20, 15 is
also not addressedbut we note that this could be handled by the referencetra jectory planner.



3 Static Formations

A commonmodel for a mobile robot with a nonholonomicconstraint in Cartesian inertial spaceis the following:

Xe = VeCOS ¢; Yo = VesSin ¢; = VeKe (1)

where X Ve ¢ T are the coordinates of the robot, v is the current speed, and K. is the curvature of
the trajectory the robot is following (which is a monotonic function of the steering angle of the robot). The
nonholonomic constraint of this system, implied in (1), is

XcSiN ¢+ YeCOS ¢ = 0 2
In generalthe speedand curvature of the robot are limited sowe have the additional constraints
JK Cj K Cc;max 1 jVCj Vc;max (3)

Note that for an ideal di erentially drivenrobot the curvature, K, is not limited (it canturn on the spot). The
rst thing we must note about a geometrical formation of mobile robots is that the limits of equation (3) on the
group asa whole are di erent than those on the individual robots. For example,consider gure 1 depicting four
di erentially driven mobile robots in a square. Simply becausethe individual robots canturn on the spot does
not imply that the squareformation can turn on the spot (while maintaining the square). In fact, to maintain
a perfect square (including the orientation of the robots) the only possiblemotion is in a straight line.

In order to turn the formation, a concessionmust be made. We suggestthat one approad is to maintain
the formation in curvilinear coordinates rather than in the original rectilinear coordinate system. This takes
advantage of the nonholonomic constraint imposedon ead robot. It also ensuresthat, for a static formation
which doesnot turn sharper than a threshold curvature, the individual robot trajectories will not collide. This
approac could be advantageous, for example, in a data collection task where a particular left-right o set
betweenrobots is required to ensureaccurate data. Figure 1 shows what the formation would look like while
turning. By taking this approach we may steer the formation and thus trace any trajectory (subject to the
nonholonomic constraint and the constraints on speed and curvature). We introduce an arbitrary reference
point, C, within the formation whose coordinates serwe as a single set of referencecoordinates for the group.
This point could be the certer of the formation, oneof the robots in the formation, or any other point. All robots
in the formation will be described relative to this referencepoint (but in curved spacefor reasonsdescribed
above).

The kinematics equationsfor the referencepoint are now given by equations(1)-(3) whereK ¢.max and Ve:max
are functions of the specic formation. For the remainder of this paper we assumethat the trajectory (and
cortrol inputs) of the referencepoint, C, are known. That is, we assumethat

xe(®) yet)  o(® i ve(t) Ke(t) | 4

are given (t is time). These may be obtained by an existing motion planning algorithm or cortroller. For
corvenience,the cortrol inputs can be written as a function of distance, d;. Using equation (4),
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Figure 1: (left) Squareformation. (right) Squareformation while turning.



This allows the geometry of the referencetrajectory to be described independenly of the speed along that
trajectory. We would now like to compute the trajectory for ead of N robots in a formation relative to the

referencepoint C. Figure 1 depictsthe p; ¢ " coordinates of robot i relative to the referencepoint, C. If
PG " is constart then we arrive at the following control inputs for robot i in order to remain in formation

vi(si) = Ve(si) 1 gKc(si) (6)
_ Kc(si)
SR ST

where si(t) = dc(t) + pi (seeAppendix for derivation). Togetherwith
Xj = ViCOS i; Yi=Visini; 4= VK, (7)
these equations describe the kinematics of robot i. Note, we must ched that
IKij  Kimax ; Vil Vimax (8)

at all points on the trajectory to ensure v¢(d.) Kc(de) " is a valid referencetrajectory. If not, the trajectory
cannot be implemented by robot i and this part of the formation cannot be maintained.

An advantage of this approad is that the shape of the formation can be described independertly of the
referencetrajectory. This implies that it is possibleto compute the referencetrajectory, v¢(dc) Ke(de) T, in
real-time. To do so, the referencepoint, C, must be the furthest forward point in the formation (in the direction
of travel) or someindividual robots will require knowledgeabout the referencetra jectory that hasnot yet been
determined. An equivalent condition is that the p; must all be opposite in signto v..

4 Dynamic Formations

The more general caseis to allow the shape of the formation to changeover time. For example, this might be
necessanyto allow the group to t through a small opening. This approac handlesthe generalcasevery nicely
by allowing pi g " to be a function of time, or equivalertly, distance. To simplify matters we again de ne
the distance travelled by robot i along the referencetrajectory as

si(t) = de(t) + pi(t) (9)

where we notice that p;(t) now changeswith time. We also now have ¢ (t) as a function of time but we will
work instead with g(s;j). It becomesnecessaryto determine all of the following quantities before computing
the trajectory of robot i

d d?

SIORICICO - SCO = XC) (10)

Figure 2 interprets these quartities graphically. Once they have beendetermined, we may compute the local
trajectory of robot i asthe following

Vi = S(%/c 1 (11)
1 gk, P94k, d9
_ s Afe g5 T ds
with
S = sgni1 gk, (12)
s 2 2
Q = .1 gk (13)

dSi



Figure 2. Graphical depiction of dynamic robot trajectory and assaiated quartities.

where all quartities are evaluated at s;(t) not d.(t). Togetherwith equations(7) thesedescribe the kinematics
of robot i. We again must ensurethe limits in equation (8) are not exceededat all points on the trajectory.

The factor, sgn 1 gK. , in both of the above equationsaccourts for the fact that a robot might have to move

badkwards to maintain formation. Notice that when the curvature of the referencetrajectory, K, is zero, the
spaceis not curved and equation (11b) simpli es to

d’q
@
K = o (14)

dg
1+ o

N

which is acommonexpressionfor curvature. Thuswe may interpret the two terms of equation (11b) asstemming
from the curvature of the referencetrajectory (left) and the curvature of the maneuwer (right).

A major advantage of this approac is that we may design formation maneuwers independertly of the
referencetrajectory. A library of transformations may be built up and used repeatedly with any reference

trajectory (e.g., switch from a squareto a line, magnify the current shape, or even permute positions within
the sameformation).

5 Example Maneuv er

It will be useful to give an example of a maneuwer within a formation. One possibility is to increasethe
coordinate g, by an amount ¢ = G G.o over a distance, s; = Sit Sip - To do this we may use the
following trajectory
8
< G:o 0 s Sio
G(S)=. Go* GEEB 20) spo<s sy (15)

G-t Sif <'Si

where b = % This in turn allows us to compute

8
dq < 0 0 s Sio
E(Si) = 6%:h (I B) sp<s s (16)
' . 0 Sif < S
d2 3 0 0 Sj Si:o
d—stg(si) = 6_2:7(1 2Bb) sio<si sy a7)
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Figure 3 shaws this maneuwer carried out while the formation is turning. Now that we have this maneuwer
worked out, we may useit as many times as we like, for any referencetrajectory. We simply needto use
equations (15)-(17) in (11) to compute the trajectory of robot i either aheadof time or online.

Figure 3. An example maneuver. Robot i movesfurther away from the referencepoint during a turn.

Notice that in gure 3 not only doesthe ¢ increase(in magnitude) for ead robot but sodoesthe p; coordinate.
This was not explained above but was accomplishedby slowing down (or speeding up) ead robot while still
tracing out the sametrajectory. Figure 4 depicts the formation during extended maneuwers at various times.

. |
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Figure 4: Snapshotsof two extended formation maneuwers. In the bottom one the two rovers on the right are
required to go backwards to stay in formation in the curvilinear coordinates.




6 Experiment

The Micro-Autonomous RoverS (MARS) Testbed (Figure 5) at Stanford University models rovers in a two-
dimensional workspaceand was usedto carry out the formation planning experiments. The platform consists
of alarge 3m x 2m at, granite table with six autonomousrobots that move about the table's surface.

Figure 5: The Micro-Autonomous RoverS (MARS) Testbed.

The robots are cylindrical in shape and usetwo independenly driven wheelsthat allow them to rotate on
the spot, but inhibit lateral movemen soasto induce the nonholonomic constraint of equation (2). Each robot
hasits own motion planner located o -b oard. Control signal processingis also done o -b oard, and the cortrol
signalsare sert to the individual robots via a wirelessRC signal.

All communication within the MARS platform is accomplishedwith Real Time Innovation's Network Data
Delivery Service (NDDS) software. NDDS is basedon a publish/subscribe architecture. An overhead vision
systemis usedto provide position and velocity sensing. Three cameraswith infrared Iters are usedto detect
LEDs mounted on the top surfaceof robots and obstacles. Each robot/obstacle has a distinct pattern of LEDs
to distinguish it from other robots/obstacles. The vision system updatesthe robot's position and velocity at a
rate of 15Hz.

The testbed features a Graphical User Interface (GUI) designedin Java/Swing. It provides a top-down
view of the table including graphical represetiations of robots and obstacles(seeFigure 6). Setting robot goal
locations is accomplishedwith a drag and drop system. New goal locations are sert to the respective motion
planner so tra jectories can be constructed. For further details on the MARS Testbed, see[9].

In orderto construct the referencetra jectory that the formation will follow, a Probabilistic Road Map (PRM)
planner similar to that described in [9] and [10] wasimplemented. The planner provides real-time generation of
trajectories that satisfy the necessarydynamic and kinematic constraints (e.g. the nonholonomic constraint).

For real-time formation planning experimerts, a single \Leader" robot is usedto construct the reference
trajectory. The referencepoint, C, coincideswith this Leader. A collision-free referencetrajectory for the
Leader robot is constructed using the PRM planner. When cheding for collisions, the planner assumesthat
the Leaderis a circular robot with an e ectiv e radius equalto the largest distance from the Leaderto any other
robot in the formation (Euclidean distance). For a sample maneuwer referto gure 6.

After the Leader constructs the referencetrajectory, it communicates this trajectory to all other robots
in the formation. Assuming robots have knowledge of the Leader's and their own initial position, they can
calculate their o sets from the Leader'sinitial location. This providesthe static o set valuesp; and g depicted
in Figure 1. Knowing the Leader/referencetrajectory and their own formation o sets, ead robot can plan its
trajectory accordingto equations(6) through (8).

Figure 6 depicts a typical static formation maneuwer involving three robots and three stationary obstacles.
Photos of the maneuwer are preseried with their corresponding screen-shotof the GUI below. The three robots,
located in the bottom left corner of the image in Figure 6 (left column), begin in a triangle formation. Once
the start commandis given, the Leader robot constructs a collision-freetra jectory to the desiredgoal location.

In Figure 6 (middle two columns), the formation is progressingsuccessfullytowards the goal. Beforereading
the goal, the user has moved the desiredgoal location of the formation to illustrate the real-time planning. In
Figure 6 (right column), the formation is continuing along its new trajectory to the goal. Note that the goal



Figure 6: A typical static formation maneuwer. Top row showstime progressionof hardware formation. Bottom
row shaws corresponding graphical display. The large circles represen obstaclesand the small circles represert
robots. The symbol, , indicates the goal which is dynamic. Note, the referencetrajectory has beenaltered in
real-time in the right most column by moving the goal location up and to the right.

relocation occurred far enough in advance to allow all robots in the formation to know the new reference
trajectory in atimely fashion.

7 Discussion

The approad we have taken in this paper is to explicitly plan the motion for ead robot in the formation. We
believe this provides an advantage over previous methods, particularly for the caseof dynamic formations, as
we may plan to avoid collisions during complex formation maneuvers.

Another novelty of our method is that we allow the distancesbetweenrobots to change (by design) when
the formation turns. This was done to incorporate the nonholonomic constraint assaiated with the robots.
This feature may provide a disadvantage for applications where the robots are trying to cooperatively carry
large objects. For theseapplications, methods that attempt to maintain constart distancesbetweenrobots may
prevail [23]. The advantage of this feature is that we may very simply compute the tra jectories of every robot in
the formation given the referencetra jectory. In fact, we may considerthe entire formation to be onerobot with
the sameform of nonholonomic constraint as the individual robots. This not only provides a nice symmetry
but allows a great many single robot methods to be recycled and applied at the formation level. We must
reiterate that the limits on speedand curvature of the entire formation (e.g., equation (3)) are not identical for
a formation and its constituent robots.

The equations provided allow a precomputed (or real-time) formation maneuwer to be combined with a
precomputed (or real-time) referencetrajectory at run-time which makesthe method very exible and modu-
lar. This advantage was clearly demonstrated on the MARS Testbed as an existing Probabilistic Road Map
planner [9, 10] was usedto compute the referencetrajectory for a static formation. This trajectory was altered
in real-time and the formation was able to compensateeasily. It should be stressed,however, that any motion
planner (or cortroller) for a singlerobot with a nonholonomic constraint could be usedto compute the reference
trajectory.

In the static formation case,our approach provides a method to automatically plan the trajectories of all



the robots, given the referencetrajectory and the constart o sets from it (in the curvilinear coordinate system).
Other methods, such as input-output feedbadk linearization [11], have also been successfullyused to track a
point slightly displaced from a referencetrajectory (in the inertial, Cartesian coordinate system). Thus, for
the static case,our approadh may not provide a large advantage over existing methods, in that we have not
reducedthe complexity of the problem. In essencewe are capitalizing on the knowledgeof the individual robots'
capabilities to generateopen loop commandsthat adknowledgethe nonholonomic constraint. We also make the
obsenation that under our approad, the referencetrajectory must also be subject to the samenonholonomic
constraint, an advantage when consideringmotion planning of the ertire formation.

For the dynamic formation case,we feelthis approac is particularly advantageousin that we can explicitly
plan the paths of eat robot (within the formation). Again, other methods such as input-output feedbadk
linearization can be usedto changeformation shape [11]. In the simplest approac, one could discretely change
the o sets (in the inertial, Cartesian coordinate system), and allow the cortrol laws to take care of the transient
behaviour; but this may lead to undesirable collisions. Consider the casewhere two robots must simply switch
places within a formation which is travelling in a straight line. To use input-output feedbad linearization
(where the o sets are instantaneously swapped) will most likely result in a collision (as both the robots will
nominally travel along the straight line that joins them, to their new assignedlocation). To avoid the collision,
an intermediate set of o sets could be used (e.g., one robot movesto the side) beforethe nal desiredo sets
are commanded. Howewer, this requires planning the formation change, something addressedby the planner
preseried in this paper. Our approad allows genericformation plans to be worked out in advanceand applied
while following an arbitrary referencepath. We should again point out that we have not reducedthe complexity
of the problem asthe individual robot's tra jectories must beindividually plannedin the dynamic case.However,
if alibrary of all the desiredformation maneuversis worked out in advance,then at runtime it remainsonly to
incorporate the referencetrajectory information into the plans.

Our experimental validation of this technique hasto date involved only static formations. Weplan to continue
this validation for dynamic formations on the MARS Testbed. There are seweral extensionsto this work which
we hope to investigate. An example of a dynamic formation maneuver that was designedby hand was provided.
Oneextensionis to usea multirob ot planner such asin [9, 10] to plan the formation maneuwersand then combine
these with a referencetrajectory (which could be generatedby the sameplanning method). This would fully
automate the processof motion planning for dynamic formations and would accommalate knowledge about
the ervironments (e.g., obstacles). We would further like to demonstrate the technique using limited visual
capabilities (e.qg., directional on-board cameras)rather than an overhead camerafor robot localization.

8 Conclusions

A motion planning approac to formations of mobile robots with a nonholonomic constraint was preseried. It
was shawvn that a formation could be treated in the sameway a single robot is treated thus making a great
deal of single robot work relevant at the formation level. The method allows the geometry (both static and
dynamic) of a formation to be consideredseparately from the formation's overall trajectory by providing a way
to combine thesetwo componerts. The method was validated on the Stanford MARS Testbed and found to
be very exible in that an existing trajectory planner was used to generatethe referencetrajectory for the
formation in real-time.

Acknowledgmen ts

The researd was funded in part by the Natural Sciencesand Engineering Researtr Council of Canada.

References

[1] H Ando, | Suzuki, and M Yamashita. Formation and agreemen problems for synchronous mobile robots
with limited visibilit y. In Proceedings of the IEEE International Sympsium on Intelligent Control, pages
453{460, Monterey, CA, August 1995.



[2] T Balch and R C Arkin. Behaviour-based formation cortrol for multi-rob ot teams. IEEE Transactionson
Rolotics and Automation, 14(6), 1998.

[3] T Balch and M Hybinette. Sccial potentials for scalablemulti-rob ot formations. In Proceedings of the 2000
IEEE International Conference on Rolotics and Automation, San Francisco, USA, April 2000.

[4] T D Barfoot, C M Clark, SM Rock, and G M T D'Eleuterio. Path-planning for formations of mobile
robots with a nonholonomic constraint. In Proceedings of the 2002 IEEE/RSJ International Conference
on Intelligent Rolots and Systems(IR OS), pages2819{2824,Lausanne, Switzerland, Septenber 2002.

[5] T D Barfoot, E J P Earon, and G M T D'Eleuterio. A new breed: Developmen of a network of mobile
robots for spaceexploration. Montreal, Canada, June 19-21 2001. The 6th International Symposium on
Arti cial Intelligence, Robotics and Automation in Space(iSAIRAS).

[6] Calin Belta and Vijay Kumar. Motion generation for formation of robots: A geometric approac. In
Proceedings of the 2001 IEEE International Conference on Rolotics and Automation, Seoul, Korea, May
21-262001.

[7] David Brock, David Montana, and Andrew Ceranawicz. Coordination and cortrol of multiple autonomous
vehicles. In Proceedings of the 1992 IEEE International Conference on Rolotics and Automation, Nice,
France, May 1992.

[8] Qin Chenand J Y S Luh. Distributed motion coordination of multiple robots. In Proceedings of the 1994
IEEE International Conferenae on Rolotics and Automation, volume 3, pages2315{2320),1994.

[9] Christopher M Clark, Tim Bretl, and StephenM Rock. Applying kinodynamic randomizedmotion planning
with a dynamic priority systemto multi-rob ot spacesystems. Big Sky, Montana, USA, March 9-16 2002.
IEEE AerospaceConference.

[10] Christopher M Clark and Stephen M Rock. Randomized motion planning for groups of nonholonomic
robots. Montreal, Canada, June 19-212001. The 6th International Symposium on Arti cial Intelligence,
Robotics and Automation in Space(iSAIRAS).

[11] AveekDas, Rafael Fierro, Vijay Kumar, Jim Ostrowski, John Spletzer,and Camillo Taylor. A framework
for vision basedformation control. Multi-R olot Systems: A Special Issue of IEEE Transactionson Rolotics
and Automation, October 2002.

[12] Jaydev P Desai, Vijay Kumar, and JamesP Ostrowski. Control of changesin formation for a team of
mobile robots. In Proceedings of the 1999 IEEE International Conference on Rolotics and Automation,
Detroit, Michigan, May 1999.

[13] Jaydev P Desai, JamesP Ostrowski, and Vijay Kumar. Controlling formations of multiple mobile robots.
In Proceedings of the 1998 IEEE International Conferenee on Rototics and Automation, Leuven, Belgium,
May 1998.

[14] Jaydev P Desai,JamesP Ostrowski, and Vijay Kumar. Modeling and cortrol of formations of nonholonomic
mobile robots. IEEE Transactions on Rolotics and Automation, 17(6):905{908, Decenber 2001.

[15] R Fierro, A K Das, V Kumar, and J P Ostrowski. Hybrid corntrol of formations of robots. In Proceedings
of the 2001 IEEE International Conference on Rolotics and Automation, Seoul, Korea, May 2001.

[16] J Fredslund and M J Mataric. A general, local algorithm for robot formations. Multi-R olot Systems: A
Special Issue of IEEE Transactions on Rolotics and Automation, October 2002.

[17] K Hirota, T Kuwabara, K Ishida, A Miyanohara, H Ohdachi, T Ohsawva, W Takeudi, N Yubazaki, and
M Ohtani. Robots moving in formation by using neural network and radial basisfunctions. In Proceedings
of the 1995 International Conferenae on Fuzzy Systems volume 5, pages91{94, 1995.

[18] Jean-ClaudelLatombe. Rolot Motion Planning. Kluwer, 1991.



[19] Jonathan R Lawton, Brett J Young, and Randal W Beard. A decerralized approad to elemenary forma-
tion maneuwers. In Proceadings of the 2000 IEEE International Conferenee on Robotics and Automation,
San Francisco, USA, April 2000.

[20] Francois Michaud, Dominic Letourneau, Matthieu Guilbert, and Jean-Marc Valin. Distributed motion co-
ordination of multiple robots. In Proceedings of the 2002 IEEE/RSJ International Conference on Intel ligent
Rolots and Systems(IR OS), pages2740{2745,Lausanne, Switzerland, Septenber 2002.

[21] C Samsonand K Ait-Ab derrahim. Feedba& control of a nonholonmic wheeledcart in cartesian space.In
Proceedings of the 1991 IEEE International Conference on Rolotics and Automation, Sacrameno, USA,
April 1991.

[22] P Tabuada, G J Pappas,and P Lima. Feasibleformations of multi-agent systems. In Proceedings of the
American Control Conference, 2001.

[23] Kar-Han Tan and M Anthony Lewis. Virtual structures for high-precision cooperative mobile robotics
control. Autonomous Rotots, 4:387{403, October 1997.

[24] P K C Wang. Navigation strategies for multiple autonomous mobile robots moving in formation. In
Proceadings of the 1989 IEEE International Workshop on Intelligent Rolotics and Systems(IR OS), pages
486{493, Tsukuba, Japan, Septenber 4-6 1989.

[25] H Yamagudi and T Arai. Distributed autonomouscontrol method for generating shape of multiple mobile
robot group. In Proceedings of the 1994 IEEE International Workshop on Intelligent Rolotics and Systems
(IROS), volume 2, pages800{807,1994.



App endix: Deriv ations

In this sectionwe provide the derivation of equations(11), including the simplifying caseof equations(6), which
describe what local speed, v;, and curvature, K;, robot i must follow when the overall formation is travelling
with speed, v¢, and curvature, K.. We note from the onset that these derivations rely on the fact that the
curvature of the referencetra jectory is piecewise-constansud that our derivation considerskK . to be a constart.
To expand to smcothly varying K (i.e., C? cortinuous) is certainly possible,but is beyond our scope of this
paper.

A
/
Pivot
Point

.
»

X

Figure 7: Relationship of Cartesian coordinates, (X; y), to curvilinear coordinates, (s;q). Note that the distance
from the referencepoint C to the pivot point is the radius of curvature, 1=K.. Also note that the s coordinate
for robot i is always measuredalong the referencetrajectory rather than the robot's own trajectory.

The derivation relieson our ability to relate the Cartesian coordinates, (X;; i), to the curvilinear coordinates,
(si;g). To simplify notation we will drop the subscript, i, but bearin mind ead robot will have a di erent set
of local coordinates. Referring to gure 7 we nd that

1 .
X = — g sin(skKyg) (18)
Ke
1

1
y = K. Ko g cosBKe)

For the rst derivatives(in time) of the cartesian quartities we have

X = gsin(sKc) + s(1  gKc)cosEKe) (19)
y = gcosEKc)+ s(1 gKe)sin(sKe)
and for the secondderivatives (in time) of the cartesian quartities we have
x = g+ S°Ko(1 oK) sin(sKe) + (s(1 aKe) 250K c) cosEK ) (20)
y = a+ K¢l dKc) cosbKe) + (s(1 aKe)  250Kc) sin(sKe)

For the speed (for robot i) we will require the identity
X2+y?, £+ Pl gKe)? (21)

which is straightforward to prove (and is left to the reader). The speedis then given by

v X+ T= @4 P gKo)® = Que (22)
where we note that the speedon the referencetrajectory is simply v, = s and we have de ned
[N
dg ° ?
Q= 1+ Ko (23)

ds
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Figure 8: Depiction of when the g coordinate is longer than the radius of curvature, 1=K.. In this caseboth
the resulting curvature and speedfor robot i are of the opposite sign to the referencetrajectory.

wheredog=ds= g=s. It is straightforward to plug the above derivativesinto the standard expressionfor curvature
(for robot i) in Cartesian coordinates
Xy Xy

K=——= (24)
(<2 + y2)F
to arrive at
K = Kest? + (1 oKc)(se sq)+ Kes o + s%(1 gKc)? (25)
i (@+ (1 0Ke)?)?
If we divide the numerator and denominator by a factor of s and note that
d°q_ sq sq
@9 (26)
then we may write 0 1
d? dg
g 1 oKe §d+Ke §a
K= GBKer RE (27)

Equations (27) and (22) are almost the sameasthosein equations(11) exceptthat we have neglectedto accourt
for the casedepicted in gure 8. It is possibleto have the g coordinate be larger than the radius of curvature
of the referencetrajectory, 1=K whereupon the robot must have curvature and speed opposite in sign to the
referencetrajectory in order to maintain formation. This is equivalent to saying

1 gKe<O0 (28)
Thus, to arrive at equations (11) from (27) and (22), we multiply theselatter two equations by
S=sgn(l aKe) (29)

which accours for the signof (1  gK¢).
There are a few simplifying caseso equations(27) and (22) worth mertioning. First, when the q coordinate
is constart we have

= =0 (30)



suc that K
K = ‘. v=(1 oK)V 31
oK. (1 gKove (31)
which are equations (6). Note that we do not have to worry about including S to account for the situation
whenl oK. < 0 astheseexpressionsalready take care of that case.
Another simplifying caseof interest is when the referencetra jectory is a straight line in Cartesian spacesuch

that K, = 0. In this casethe (x;y) coordinates and the (s;q) coordinates are exactly the sameand so we have

d’q dg 2 ! :
K= O° 5223 = d_g +1 v (32)
dq
1+ &9

Finally, a casethat has not been mertioned explicitly is the casewhen1 K. = 0. Here the robot is
positioned exactly at the pivot point of the referencetra jectory whereupon

K! 1; wv! o0 (33)

In nite curvature implies that the robot must turn on the spot to maintain formation which is certainly possible
for seweral common styles of mobile robot (including those usedin the experiment section of this paper) but
not possiblefor others.
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