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CSC 530 Lectue Notes Week 6 -- Addendum

Correction to the Denotational Definition of Binary Numbers;
Discussion of Alternatve Denotational Definitions

I. Theres a sibtle flav in the definition of binary numbers in the initisdrgion of Lecture Notes Week 6.

A. Sincethe fix leads to some instruati dscussion, U like to say that | put in the original fiéon
purpose, just to see if anyone was paying attention.

B. Not.

C. Thatsaid, the discussion of this problem is a very good examplevoaitamall-looking flaw in a
dense semantic definition can in fact be a major semantic problem.

II. Sowhat was wrong with the original definition?
A. Theparentheses in the fourth semantic function definition
FIBFl = (7Bl + 7IF/2
must be omitted, i.e.,
FIBFl= 7Bl + #[Fl/2
B. Thesame correction needs to be made to the comparable rule in the attribute grammar definition.
C. (Thecorrections hee been made to the latest online versions of the notes.)

lll. For the purposes of fully exploring denotational details, Bex@mplerlooking denotation definition
of binary numbers that at first glance may look OK:

Abstract syntax: N 00 Nml = binary numerals

I.F

B|IB
B|BF
0|1

N

l::
F:
B:

Semantic domain: Z= real numbers

Semantic function: A: Nml - Z

AV FI = Q]+ AR

A B] =2 A + A[B]
A B F] = (A[BI + N[FI) / 2
A[0] =0

A[1]=1

A. Upon close inspection, one should recognize whatong here -- i the lack of distinction
between he binary digits are interpreted in the integer versus fractional parts of the number.

B. Thereare a number approaches to fixing this problem, as outlined.belo
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C. Theapproaches illustrate that in order to produce a sound denotational definition, there must be
sufficient grammar context and/or a sufficient number of distinct semantic functions such that each
semantically distinct construct of a language can be processed distinctly.

IV. Fix by adding nev semantic functions

A. The (corrected) definition in the lecture notes is probably the most dir@gttovovercome the
problem with the preceding definition.

B. It leaves the syntax as is and addsotwew mantic functions that compute the integer and frac-
tional parts of the number separately.

V. Fix by reoganizing the grammar.

A. An alternatve o the preceding solution is lea the single semantic function, and to change the
grammar so that it carries the distinction between the integer and fractional parts of the number.

B. Heres the definition
Abstract syntax: N 0ONml = binary numerals

=I1F
=B|IB
=.B|.BF
=0]1

onT =2

Semantic domain: Z= real numbers

Semantic function: A: Nml - Z

AV F] = AQ] + ALLF]

A B] = 2* (1] + A[B]

A[0] =0

A1) =1

A[.B F1= (A[.BI + A .FI) / 2
A[.0]=0

AN[.1]=1/2

Test case:1101.01
A[1101.01= A[1101] + A[.01]
= (2*A[110] + A[1]) + ((AC[-O1 + A -11)/2)
= (2%(2*A[11] + ALO) + AL LD + ((AL-0] + AL -11)/2)
= (2%(2*(2* A 1] + AL 2D + ACLOD) + AL 2D) + (-0 + Al -11)/2)
=(2*(2*(2*1+ 1)+ 0) + 1) + (0 + 1/2)/2

C. Thissyntactic regganization uses a well-known technique called "left factoring”.
1. Leftfactoring involves changing grammar rules so that RHS&haique leading prefixes.

2. Itis used commonly to render grammars suitable for top-down reeuksicent parsing.

3. Interestinglya ratural way to apply a denotationally-defined semantic function is tavfdiie
top-down strategy used in a recuestkscent parser.
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4. Henceijt is not surprising that left factoring can be used to alter a grammar ®itsakable
for the definition of denotational functions.

D. A short hand used in this definition is a form of semantic function polymorphism that allows the
single semantic function to operate on ansyntactic form desied from the head grammar sym-
bol N.

E. Without this polymorphism, the definition isilkier, as $iown in the following non-polymorphic
equiadent of the immediately preceding definition:

Abstract syntax: N 0ONml = binary numerals
| OInt = binary integers
F O Frac = binary fractions
B OBit = binary bits

N:=1F
I::=B|IB
F:=B|.BF
B:=0]1

Semantic domain: Z= real numbers

Semantic functions:A: Nml - Z
IiInt - Z
F.Frac - Z
B:Bit - Z

AVFD = A+ A-F
IfIB]=2*1[l] + 1[B]

1[B] = 3[B]
B[0]=0

B[1] =1

FIBFl=(#[.B1+ #[.F)/2
#[.Bl=3[.B]

3[.0]=0

B[.1] = 1/2

Test case:1101.01
A[1101.00= 7[1101] + #[.01]
=(2*1[110] + 1[2]) + ((#[.001 + #[-1D)/2)
= (2%(2*7[11] + z[O]) + 7[1D) + ((#[.O1 + #[.11)/2)
= (2%(2*(2* 11 + 7[1]) + 7[O]) + 7[1]) + ((#[.O0 + #[.11)/2)
=(2*(2*(2*B[1] + 8[1]) + B[O + B[ 1) + (B[.0] + B[.11)/2)
=(2*(2*(2*1+ 1)+ 0) + 1) + (0 + 1/2)/2

VI. Fix by adding ne& semantic functions and reganizing the grammar

A. A bukier solution than either of the preceding is to both gadre the grammar and addwe
semantic functions.
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B. Heres this third solution:

Abstract syntax: N 0ONml = binary numerals
| OInt = binary integers
F O Frac = binary fractions

N:=I1.F
[::=0]1]10]I1
F:=0|1|0F|1F

Semantic domain: Z= real numbers

Semantic functions:A: Nml - Z
I'Int - Z
F.Frac - Z

AQV- FI = 11001 + #IF]
Iflia)=2*11]+1
Ifloj=2* 11
If[1]=1

I[0] =0
FILFI=(1+7[BD/2
FIOF] = #[B]/2
Fli]=1/2

Fl0]=0

Test case:1101.01
A[1101.04= 1[[1101] + #[01]
=(2*1[110] + 1) + (F[1]/2)
=(2*(2*1[11]) + 1) + #[1]/2)
=(2*2*2*1[1] + 1) + 1) + (F[1]/2)
= (2*(2*(2*1 + 1)) + 1) + ((1/2)/2)

C. Theres mothing particularly notgorthy about this definition other than the factliation tales a
bit less pattern matching to apply the semantic functions.
1. Theimportant point in this igard is that clerical regenization of the grammar bypanding
or contracting rule RHSs has no effect on the semantics.
2. Considethe application of [1101] in this definition as compared to the first definition:
a. Herer[[1101] reduces via one pattern match to {p110] + 1), as follows:
rfiio1)=2*ri]+1 via semantic equation[l 1] =2 * II]] + 1
=2*1[110] + 1 via pattern matching | ==> 110
b. By comparison, in the first definitiom[[1101] reduces via te pattern matches to
(2*1[1101] + 1[1]) and thence to (2#110] + 1) via semantic function application, as
follows:
rf1io1)=2*r1] + 1[8BJ via semantic equation]| B] = 2*1[l] + 7[B]
=2*1[110] + I[B]] via pattern matching | ==> 110
=2*1[110] + 7[1] Vvia pattern matching B ==>1
=2*1[110] +1 via semantic equation[1] =1
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3. Ineither case, the semantics are the same

VII. Fix by updating Tennerg’'example directly

A. A final variant is a combination of the preceding fixes that ends up lookang #fple add-on to
Tennents aiginal non-fractional definition of binary numerals on page 212.

B. Heres this definition:
Abstract syntax: N 0ONml = binary numerals

N:=1F
[::=0]1|10]|I1
F:=0|1]|.0F|.1F

Semantic domain: Z= real numbers

Semantic function: A: Nml - Z

AIF] = A + AL-FI
AQIL] =2 A] + 1
A10] = 2 * (1]

A1) =1

AQ0] =0

A[.1F] = (1 + A[.FI) / 2
A[.OF] = A[.F1/2
A[.1] == 1/2

A[.01=0

Test case:1101.01
A[1101.01= A[1101] + A[.01]
= (2*A([110] + 1) + ([ .1]/2)
= (2%(2*A([11]) + 1) + A .11/2)
= (2%(2%(2* (1] + 1)) + 1) + ([ .1]/2)
= (2*(2*(2*1 + 1)) + 1) + ((1/2)/2)

C. Theres no semantic difference between this and the preceding (correct) definitions.



